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Abstract 
A small end-capped cylindrical hydrophone has been designed and built for use as a low 
cost, general purpose hydrophone. In the frequency range 15 Hz to 5 kHz, the measured 
free-field voltage sensitivity of the hydrophone is -195 dB re 1 V / /iPa, which agrees with 
the theoretical sensitivity for capped piezoelectric ceramic tubes. In addition, three res
onance frequencies below 45 kHz have been measured and identified with circumferential, 
longitudinal, and flexural modes of vibration. 

Resume 
Un petit hydrophone cylindrique a bouchon d'extremite a etc con<;u et fabrique a titre 
d'hydrophone peu couteux d'usage general. Dans la pI age de frequences de 15 Hz Ii 5 kHz, 
la mesure de sensibilite en tension en champ libre de l'hydrophone est -195 dB re 1 V / /.IPa, 
ce qui correspond Ii la sensibilite theorique pour les tubes a ceramiques piezoelectriques a 
bouchon. De plus, on a mesure trois frequences de resonance au-dessous de 45 kHz et on les 
a identifiees aux modes de vibration sur la circonference, sur l'axe longitudinal et de flexion. 
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List of Symbols 

a inside radius of ceramic cylinder 
1i mean radius of ceramic cylinder 
b outside radius of ceramic cylinder and end caps 
B measured susceptance of the hydrophone 
o total capacitance of four ceramic cylinders in parallel 
0 1 capacitance between the electrodes of one ceramic cylinder 
Ok total parasitic capacitance 
D diameter of the hydrophone assembly 
d3! piezoelectric charge constant 
e mathematical constant 2,71828, , , 
I frequency 
Ie circumferential resonance frequency 
1/ flexural resonance frequency 
It upper bound on the flexural resonance frequency 
Ii lower bound on the flexural resonance frequency 
Ie longitudinal resonance frequency 
Il upper bound on the longitudinal resonance frequency 
It lower bound on the longitudinal resonance frequency 
Ir unloaded ring resonance frequency 
933 piezoelectric voltage constant 
931 piezoelectric voltage constant 
k wavenumber 
kla free, relative dielectric constant 
.e length of ceramic cylinder 
L effective length of the hydrophone assembly 
M free-field voltage sensitivity of ceramic cylinder in decibels 
Mk end-of-cable free-field voltage sensitivity in decibels 
n longitudinal nodal number 1,3,5" " 
Po external acoustic pressure 
sP! elastic compliance at constant charge density 
sf! elastic compliance at constant electric field 
sf2 elastic compliance at constant electric field 
Sb effective elastic compliance 

iii 
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(VIPo) 
(VIPO)k 
a 
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e 

open-circuit voltage of the ceramic cylinder 
free-field voltage sensitivity of ceramic cylinder in V IPa 
end-of-cable free-field voltage sensitivity in V IPa 
defined as the ratio al b 
defined function of ( and e· 
error in quantity x 
permittivity of free space 8.85 x 10-12 F 1m 
defined function of af2 
defined function of Ii and e 
mathematical constant 3.1415 ... 
mass density of ceramic cylinder 
Poisson's ratio at constant electric field 
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1 Introduction 

High sensitivity and low electrical impedance are desireable qualities of 
wideband hydrophones [1,2]. Radially-poled piezoelectric ceramic cylinders 
with end caps possess these char~cteristics, accounting for their wide spread 
use in underwater sensor applications. The present cylindrical hydrophone, 
designated BM024, was developed by B.M. Hi-Tech Inc. to meet the need 
for a low cost hydrophone fOf general underwater acoustics work. A brief 
description of the hydrophone design is given in Section (2). 

In-water electroacoustic calibration measurements on the BM024 hy
drophone are presented in Section (3). The measurements include free-field 
voltage sensitivity, electrical conductance and susceptance, and directional 
response patterns. A detailed theoretical calculation of the sensitivity is 
found in Sections (4.1) and (4.2). 

In-air admittance measurements are used to locate all resonances with' 
frequencies lower than the resonance frequency of the circumferential mode. 
These measurements, along with theoretical predictions for the resonance 
frequencies, are found in Section (4.3). 

Finally, the expressions required to evalulate the errors for the various 
calculated quantities in this paper, are relegated to Appendices A and B. 
Also, all of the measurements on the BM024 hydrophone were performed 
at the Department of National Defence laboratory, Defence Research Es
tablishment Atlantic (DREA). 

2 Description of the Design 

The hydrophone assembly is shown in Fig. 1. The assembly consists of 
four cylindrical piezoelectric ceramic elements, each fully electroded on the 
inside and outside curved surfaces. The elements are radially poled and are 
connected electrically in parallel. The elements are made of BM500 Navy 
Type II lead zirconate titanate ceramic, and have an outside diameter of 
25.4 mm, an inside diameter of 19.1 mm, and a length of 12.7 mm. Small 
ceramic washers physically and electrically isolate the elements from each 
other. The washers are made from unpoled Navy Type II ceramic a.nd are 
0.5 mm thick. 
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1 2 3 4 5 6 7 8 

1. Coaxial cable 5. Ceramic element 
2. Cable gland 6. Ceramic washer 
3. Upper housing 7. Tension bolt 
4. Top end cap 8. Polyurethane boot 

Figure 1: Schematic of a BM024 cylindrical hydrophone manufactured by 
Sensor/B.M. Hi·Tech Incorporated. 

Two brass end caps are fitted to the ends of the assembly, and the 
pressure on the end caps is adjusted using a tension bolt. The end caps 
provide a tight fit and ensure the integrity of the air gap inside the ceramic 
elements. The element assembly is then attached to the upper housing and 
a 3.9 meter coaxial cable. A polyurethane boot is cast, entirely enclosing 
the element assembly. The boot provides protection for the ceramic ele· 
ments and electrical contacts, and serves as the acoustic coupling medium 
between the active elements and the water. The boot also provides sta· 
ble performance over extended periods of submergence in the harsh ocean 
environment. 

The width of the useful frequency band for capped cylindrical elements 
usually depends on the largest dimension of the cylinder and the proper
ties of the end caps [3]. For a single element, the band would be flat for 
frequencies up to the circumferential resonance, which is determined by 
the cylinder's mean radius. However, the effective length of the BM024 
hydrophone assembly, which includes the four active elements plus passive 
components such as washers and end caps, could constitute the largest di
mension and give rise to a longitudinal resonance frequency that lies below 
the circumferential resonance. Furthermore, the stacked configuration of 
the ceramic elements could permit low-frequency flexural modes, the low-
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est ocurring below the longitudinal mode just mentioned. In any case, one 
of these modes limits the useful band at the high frequency end. 

The band terminates at the low frequency end because the end caps 
vibrate in a flexure mode. The resonance frequency associated with the 
flexure mode depends on the elastic modulus and mass density of the end 
cap material. Flexure in the end caps is more prevalent in hydrophones that 
consist of several closely stacked cylindrical elements (the present design), 
than in single element hydrophones, due to inter-element coupling. 

3 Electroacoustic Measurements 

The BM024 hyrophone was calibrated in the DREA anechoic tank facility. 
The frequency range investigated was 15 Hz to 10 kHz. The hydrophone was 
placed at a depth of 1.83 m in fresh water and the water temperature was. 
20°C. The measurements included the free-field voltage sensitivity, electri
cal conductance and susceptance, and directional response patterns in the 
XY and XZ planes. 

3.1 Free-Field Voltage Sensitivity 

The free-field voltage sensitivity of the BM024 hydrophone, measured at 
the end of a 3.9 m coaxial cable, is shown in Fig. 2. The useful fiat region 
is limited to frequencies below 5 kHz due to the presence of a resonance at 
7.5 kHz. The magnitude of the sensitivity in the flat region is -195 ± 1 dB 
re 1 V / pPa, the error being typical of underwater calibration measurements 
[4,5J. 

At the low frequency end of the fiat band, that is below 50 Hz, we ob
serve an apparent improvement in sensitivity. This slight rise is attributed 
to a change in tank background noise from the time at which the standard 
hydrophone was measured to the time at which the BM024 hydrophone 
was measured, 

A perturbation due to a spurious resonance appears in the flat region of 
the sensitivity at 3.2 kHz. Although the 1.5 dB magnitude of the perturba
tion lies within the ±1 dB error stated above, the size of the perturbation 
can vary, depending on the orientation of the hydrophone relative to the 

3 

jz:Zj 900Z-,j-AON 



OJ'd 

"iii' a. 
§ ·190 -

§ 
..... 
2? .200 -
aJ 

I-

B. 
~ 
:~ :ill -210 -
c: 

~ 

-220~--~~~~u.L-'--~~~~~L-'----~~~~ 
0.1 1.0 10.0 

Frequency (kHz) 

Figure 2: The end-of-cable, free-field, open-circuit voltage sensitivity of the 
BM024 hydrophone. The frequency ranges from 15 Hz to 10 kHz. 

calibration source. The perturbation is shown in Fig. 3 as a function of 
angle. The variation in the size of the perturbation is evident. For ex
ample, the magnitude of the perturbation, with the source located at 600 

with respect to the hydrophone, is 1.7 dB, whereas the magnitude, with 
the source located at 3000

, is only 0.8 dB. 

3.2 Electrical Admittance 

The end-of-cable electrical conductance and susceptance, of the BM024 
hydrophone, are shown in Fig. 4. The resonance frequency at 7.5 kHz is 
clearly visible and well behaved. The spurious resonance at 3.2 kHz, alluded 
to in the previous section, is also visible in the conductance curve, but has 
a conductance value that is an order of magnitude smaller than that of the 
7.5 kHz peak. The value of susceptance at2 kHz is 236 ± 5 j1.S, a number 
that will be used in Section (4.2) to calculate the end-of-cable capacitance 
of the hydrophone. At the same frequency, the conductance is 5.6 ± 0.1 p.S, 
and therefore, the magnitude of the electrical impedance is 4240 ± 90 n. 
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Figure 3: The sensitivity of the BM024 hydrophone as a function of the 
angle to the source, for the frequency range 1 to 5 kHz. Each vertical axis 
is 10 dB. 
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Figure 4: In-water electrical admittance of the BM024 hydrophone, mea
sured at the end of a 3.9 m cable. 

3.3 Directional Response 

The directivity patterns for the frequencies 2.0, 3.2, 5.0, and 7.5 kHz, are 
plotted in Figs. 5 and 6. Both the horizontal (XY) plane, i.e. the plane 
normal to the longitudinal axis of the hydrophone, and the vertical (XZ) 
plane, are shown. 

The XY plots deviate from omnidirectionality by less than ±1 dB for 
frequencies below 7.5 kHz, except at the spurious resonance frequency of 
3.2 kHz, where the level at 60° is 3.5 dB down from the level at 240°. Of 
course this is consistent with the corresponding sensitivity plots in Fig. 3. 

Below 2 kHz the directivity in the XZ plane is omnidirectional. At 
3.2 kHz the level at 0° in the XZ-plane is 1.5 dB down from the level at 
180°. At 5 kHz, the level at 90° is 3.5 dB down from the level at 0°. Finally, 
at the 7.5 kHz resonance frequency, the level at 90° is 4 dB down from the 
level at 270°. The asymmetry in the XZ pattern at 7.5 kHz, is a direct 
result of the design differences between the two ends of the hydrophone. 
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0' 0' 

270' f+f-f-R'!~HHH90' , 

180' 12.0 kHz I 180' 13.2kHzl 

0' o· 

180' 15.0 kHz I 180' 17.5 kHzl 

Figure 5: Directivity patterns of the BM024 hydrophone in the XY plane. 
The scale, from the center to the top of the grid in each pattern, is 40 dB. 

o· o· 

180' 12,0 kHz I 180' 13.2 kHzl 

o· o· 

180' 15.0 kHzl 180' 17.5 kHzl 

Figure 6: Directivity patterns of the BM024 hydrophone in the XZ plane. 
The scale, from the center to the top of the grid in each pattern, is 40 dB. 
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4 Theoretical Calculations 

The free-field voltage sensitivity in the fiat frequency band of interest, is 
evaluated for the BM024 cylindrical hydrophone. A correction is included 
to account for parasitic capacitances in the cable and hydrophone assembly. 
In addition, all resonance frequencies below 50 kHz are measured in air and 
compared to theory. 

4.1 Sensitivity of a Cylinder 

The sensitivity of a radially-poled, end-capped ceramic cylinder, subjected 
to a uniform acoustic pressure Po, has been derived by Langevin [6J. The 
key assumptions and boundary conditions in the derivation are; (i) that 
the sensitivity corresponds to frequencies well below the first resonance 
frequency of the cylinder, (ii) that the dimensions of the cylinder are small 
compared to the wavelength, (iii) that the inside sl.lrface of the cylinder is 
entirely shielded from the external acoustic pressure, i.e. Po vanishes on 
this surface, (iv) that the outside lateral surface is exposed to the external 
pressure Po and, (v) that the top and bottom annular surfaces are exposed 
to the magnified pressure b2 Po/(b2 - a2 ), the magnification factor being the 
ratio of the end-cap area to the annular cross-sectional area of the cylinder. 
Here, a is the inside radius of the ceramic cylinder, and b is the outside 
radius of both the cylinder and the solid end-caps. The sensitivity is 

where V is the open-circuit voltage of the cylinder, g33 and g3l are piezo
electric voltage constants, and a :: (a/b). The sensitivity can be expressed 
in decibels using the expression 

M = 20 log (~) . (4.2) 

The equations for the uncertrunties in the sensitivities, liM and Ii(V / Po), 
are given in Appendix (A. 1). 

The sensitivity and its uncertainty are calculated for the BM024 ceramic 
cylinder using Eqs. (4.1), (4.2), (A.1), and (A.2). The known dimensions 
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and piezoelectric constants, complete with typical manufacturing uncer
tainties, are 

a±lia = 9.5±O.1 mm 
b±lib =: 12.7±O.lmm 

933 ± li933 = (25 ± 1) x 10-3 Vm/N (4.3) 
-3 . 

931 ± li93l = -(11.5 ± 0.6) x 10 Vm/N. 

Using these values, the theoretical free-field voltage sensitivity for the ce
ramic cylinder is 

M±liM = -194.7±0.6dB re 1 V/p,Pa. (4.4) 

4.2 Sensitivity Correction 

The measured free-field sensitivity of Section (3.1), for the BM024 hy
drophone, is an end-of-cable sensitivity and, as such, includes the para
sitic capacitances associated with cables and hook-up wires, in addition to 
the capacitance of the ceramic cylinders at the electrodes. On the other 
hand, the sensitivity calculation in Section (4.1) is the capacitance between 
the electrodes of the ceramic cylinder and does not include parasitic ca
pacitances. We can, however, correct the theoretical sensitivity given by 
Eq. (4.1), by multiplying it by the ratio of the capacitance between the ce
ramic electrodes, to the total end-of-cable capacitance [7]. This is expressed 
mathematically as 

(4.5) 

where (VI Poh is the reduced sensitivity at the end of the cable, C is the 
total capacitance at the electrodes of all ceramic cylinders, four in the 
case of the BM024 hydrophone, Ck is the total parasitic capacitance, and 
the sum C + Ck is the end-of-cable capacitance. In decibels, the reduced 
sensitivity becomes 

(4.6) 
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We now estimate the correction factor in Eq. (4.5) by calculating the 
capacitance 0 in the numerator from theory, and then by estimating the 
sum 0 + Ok in the denominator using the admittance measurements in 
Section (3.2). 

The capacitance of one ceramic cylinder is given by the expression [8] 

o _ 211"Eok13£ 
1 - In(b/a) , (4.7) 

where EO is the permittivity of free space, kIs is the free, relative dielectric 
constant, and e is the length of the cylinder. Therefore, the total capaci
tance of the four cylinders in the BM024 hydrophone is 

0=401 , (4.8) 

since the cylinders are connected in parallel electrically. 
The end-of-cable capacitance can be determined from Fig. 4 using 

B 
o +Ok = 211"/ ' (4.9) 

where B is the measured susceptance at the frequency /. The expressions 
for the uncertainties in the corrected sensitivity equations above, are given 
in Appendix (A.2). 

The reduced sensitivity of the BM024 hydrophone is calculated using 
the data in Eq. (4.3), in addition to the following known quantities; 

f±8e = 12.7±0.3mm 

kls ± 8kl3 = 1800 ± 100 
B ± 8B = 236 ± 5 itS 

/ ± 8/ = 2000 ± 5 Hz . 

(4.10) 

The error in the length of the cylinder, 8e, is a typical manufacturing tol
erance. Likewise, the error in the relative dielectric constant, 8kla, is rea
sonable. The last two errors, 8B and 8/, are achievable with modern FFT 
analysers like the HP 3562A Dynamic Signal Analyser, used at the DREA 
calibration tank to measure the electrical admittance in Fig. 4. The mag
nitude of B is the measured value at 2 kHz. 

10 
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Substituting these quantities into Eqs. (4.1), (4.5) to (4.9), and (A.2) 
to (A.6), we obtain the end-of-cable free-field voltage sensitivity 

Mk ± 8Mk = -195.3 ± 0.9 dB re 1 V / JlPa, (4.11) 

which agrees with the measured sensitivity in Section (3.1). 
The values of ceramic and end-of-cable capacitances, which had to be 

evaluated in the calculation of M k , are 

o ± 80 = 18 ± 1 nF 

(O+Ok)±O(O+Ok) = 18.8±004nF, 

(4.12) 

( 4.13) 

respectively. The difference between these two capacitances is the total 
parasitic capacitance 

(4.14) 

the relatively large error a direct result of the magnitude of the errors 
associated with the known input quantities, particularly ok;];. 

The calculation of the total parasitic capacitance was a semi-empirical 
one involving the difference between the theoretical capacitance of the cylin
drical elements [Eq. (4.8)J and the measured end-of-cable capacitance of 
the hydrophone [Eq. (4.9)J. We can verify that the magnitude of Ok, so 
determined, is reasonable, by estimating the cable capacitance from the 
manufacturer's specifications [9J, and calling this value the minimum para
sitic capacitance (since it does not include parasitic capacitances inside the 
hydrophone assembly). Thus, at 101 pF/m, the 3.9 m Belden 8259 cable 
has a capacitance of 004 nF, which supports the result given by Eq. (4.14). 

4.3 Resonance Frequencies 

Within the frequency range 0 to 50 kHz there are four resonant modes for 
the BM024 hydrophone. The in-air electrical admittance has been mea
sured at each of these modes and the measured resonance frequencies are 
compared to theory. 

11 
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4.3.1 Spurious Resonance 

The first resonance occurs at 3.20 ± 0.01 kHz, the larger peak in the in-air 
electrical conductance of Fig. 7. This peak manifests itself as a significant 
perturbation to the otherwise flat response in Fig. 3. 

As mentioned in Section (3.1) in connection with the sensitivity, the 
conductance peaks near 3.2 kHz are, in all likelihood, spurious resonances. 
Support for this conclusion is found in the small magnitudes of the conduc
tance peaks, relative to the other resonances for the hydrophone, and the 
lack of deviation from the monotonic increase in the susceptance. Probable 
causes of these resonances include nonuniform polarization in the piezoce
ramic cylinders, dimensional nonuniformities in the individual cylindrical 
elements, misalignment in the cylindrical assembly, and inhomogeneities in 
the polyurethane boot. 

40 , !. , , 800 
- Conductance G ...... - - Susceptance B ~ ...... .... en ..... (/) 

§ 30 - ..... . 600 § ... ... 
'E ..... g ..... 
~ ... 
~ 20 
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~ ... 

400 - ... -...... c: lij a:I ..... a t) ... ... ::l .... 

~ . ~ "0 ... 
~ 5 10 r 

... 200 .... ::l ... (/) () r- .... 

0
1 

, I I 0 
2 3 4 5 6 

Frequency (kHz) 

Figure 7: In-air electrical admittance of the BM024 hydrophone over the 
frequency range 1 to 6 kHz. 
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4.3.2 Flexural Resonance 

The second resonance peak appears in Fig. 8 at 7.68 ± 0.01 kHz. This reso
nance frequency ocurra well below the circumferential mode of the cylinder 
and terminates the useful flat band. A possible mode that could account 
for this resonance frequency is a flexural mode. This possibility arises due 
to the segmented nature of the ceramic stack. 

1.2 1.2 
- Conductance G 

1.0 - - Susceptance B 1.0 ~I " "" ~ '" ... 
(/) 

'" \ ... (/), 
E ... ; 

0.8 §., --O.S ... ' ... ; ... 
~ -, 

~ -c: ... ..- c: 
~ 0.6 -- 0.6 co - -- c. . 
::J - ~ "0 0.4 c:O.4 II) 

0 ::J 
() (/) 

0.2 0.2 

0.0
4 5 6 7 8 9°·0 

Frequency (kHz) 

Figure 8: In-air e1!lctrical admittance of the BM024 hydrophone over the 
frequency range 4 to 9 kHz. 

An approximate expression for the resonance frequencies of a flexural 
piezoelectric ceramic bar (bimorph or multimorph) is given in Ref. [10J for 
a cantilever bar with rectangular cross-section. The following modifications 
are made for the BM024 hydrophone: (i) the radius of gyration for a bar 
with rectangular cross-section is replaced by the radius of gyration for a bar 
with circular cross-section [11,12J, and (ii) the ceramic compliance, S~l' is 
replaced by an effective compliance for a bilaminar bar, Sb, [2J. The result 
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(4.15) 

where D is the diameter and L is the effective length of the hydrophone 
assembly. The factor 1.194 is the lowest root of the transcendental equation 

cosh(kL) cos(kL) = -1 , (4.16) 

where k is the wavenumber. The effective elastic compliance, s6, is given 
by 

4EokI3sPI·9fl 
8;=4 kT E 3d2 ' (4.17) 

EO 33811 - 31 

where SPI is the elastic compliance at constant charge density and dSl is the 
piezoelectric charge constant. The elastic compliances at constant charge 
density and 'constant electric field are related in the following way 

D _ E tPal 
811 - 811 - -kT • 

eo 33 
(4.18) 

The expressions for the uncertainties in the flexural resonance frequency 
equations above, are given in Appendix (B.1). 

Using the following hydrophone dimensions and BM500 ceramic mate
rial constants 

D ± oD = 31.64 ± 0.07 mrn 

L ± tiL = 5.0 ± 0.5 crn 

p ± tip = 7650 ± 80 kg/rn3 

8~1 ± OS~l = (15.5 ± 0.3) x 10-12 rn2 IN 
ki3 ± Skis = 1800 ± 100 
dSl ± odsl = -(160 ± 8) x 10-12 GIN, 

we obtain the constants 

SPI ± OSPI = (13.9 ± 0.4) x 10-12 rn2/N 
S; ± os; = (15.1 ± 0.4) x 10-12 rn2 IN , 

14 
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and subsequently the flexural resonance frequency 

I, ± SI, = 5 ± 1 kHz. ( 4.21) 

The large error in I, is due to the large uncertainty in the effective length 
L of the cantilever. The superscript on I, is explained below. The com
pliance, 86, lies between the compliances, SPl and Sfl j it is 8% larger than 
the former and 3% smaller than the latter constant. 

Note that we have used the properties of the ceramic cylinder, p and 86, 

together with the diameter of the hydrophone assembly, D, instead of the 
smaller outside diameter of the ceramic cylinders, 2b, in the calculations 
above. It would be more consistent to use an effective hydrophone assembly 
density and compliance since the cantilever has a cross-section that includes 
a tension bolt, an air gap, a ceramic cylinder, a polyurethane boot, and 
depending on where the cross-section is taken, a brass end cap and ceramic 
washers. 

An estimate of the effective properties for the hydrophone can be made 
using the mechanics of materials method of summing the weighted prop
erties (weighted by volume fraction) of each material in the cross-section. 
Hence, the effective density and compliance are approximately 3000 kg/m3 

and 40 x 10-12 m2 /N, respectively. The square root of the product of these 
properties is 3.5 x 10-4 s/m. The same quantity for BM500 ceramic, i.e. 
(pSb)! in Eq. (4.15), is 3.4 x 10-4 s/m. Therefore, since these two factors 
are almost equal, Eq. (4.21) remains unchanged regardless of which set of 
properties are used. Thus we consider Eq. (4.21) a lower bound for the 
flexural resonance frequency of the BM024 hydrophone, hence, the minus 
sign superscript. 

Cantilever action requires a rigid boundary condition at one end of 
a flexible bar. The calculations above implicitly assumed that the brass 
fittings on the cable end of the BM024 hydrophone were massive enough to 
mechanically clamp one end. However, this is most likely not the case and 
the hydrophone vibrates in flexure with end conditions somewhere between 
rigidly fixed and free. We calculate the flexural resonance frequency of the 
hydrophone with two free ends and use this value as an upper bound. 

Kinsler et al. [12] give the lowest flexural resonance frequency of a bar 
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with free ends as 
1rD )2 

fJ :::: 32L2 (pSb)t (3.0112 , (4.22) 

where the factor 3.0112 is the lowest root of the transcentental equation 

cosh( kL) cos( kL) :::: 1 , (4.23) 

and again, the error equations are given in Appendix (B.1). Using the 
values of Eq. (4.19), together with 

L ± ()L = 8.0 ± 0.5 cm , (4.24) 

which accounts for the added length of the vibrating brass fittings, the 
upper bound on the flexural resonance frequency is 

ft ± Sft :::: 13 ± 2 kHz. (4.25) 

The measured resonance frequency 7.68 ± 0.01 kHz lies between the 
upper and lower bounds given by Eqs. (4.25) and (4.21). Thus the most 
probable mode of vibration for this resonance is a flexural mode corre
sponding to a bar of circular cross-section with ends neither rigidly fixed 
nor completely free. 

The derivation of the flexural frequencies above, assumes that the hy
drophone diameter, D, is less than half its length, !L. This geometry is 
sufficient to uncouple the flexural modes from any transverse modes. In 
the case of the free-free boundary conditions, this condition is satisfied, 
but it is not for the cantilever. However, the next resonance occurs at more 
than twice the flexural frequency, and according to Martin [13), the flexural 
frequency is reduced by less than 1 % due to mode coupling. This error is 
much smaller than that in Eq. (4.21) and can therefore be ignored. 

4.3.3 Longitudinal Resonance 

The third resonanC(:l occurs at 16.94 ± 0.01 kHz in Fig. 9. This mode also 
ocurrs below the circumferential mode of the cylinder. A possible mode that 
could account for this resonance frequency is a longitudinal stack mode. 
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The fundamental resonance frequency for an unloaded, lossless bar of 
uniform cross-section, with both ends free, is given by [12,14] as 

1 
It = I • 

2L (p.sb)~ 
(4.26) 

If the bar is fixed at one end and free at the other, then the fundamental 
resonance frequency is Vt [12]. Just as we did for the flexural resonance, 
we let these two frequencies be the upper and lower bounds, respectively, 
on the longitudinal resonance frequency. 

---_ .... .,.". 
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~ 
:::l 

1 en ' 

Figure 9: In-air electrical admittance of the BM024 hydrophone over the 
frequency range 14 to 19 kHz. 

Again, using the values in Eq. (4.19) and the length in Eq. (4.24), we 
obtain the following bounds 

It±Sle+ = 18±lkHz, (4.27) 

le- ± SI; = 9.2 ± 0.6 kHz, (4.28) 
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where the errors are given by the expression in Appendix (B.2). 
The measured resonance frequency lies within the two bounds given by 

Eqs. (4.27) and (4.28) and, therefore, is most likely a longitudinal mode. 

4.3.4 Circumferential Resonance 

Finally, the measured circumferential mode frequency of the ceramic cylin
der is 41.45 ± 0.02 kHz, as shown in Fig. 10. This value is verified using the 
equations derived by Haskins and Walsh [15J for the resonances of a radi
ally polarized, ferroelectric cylindrical tube. Assuming that the surfaces are 
stress-free and that the wall thickness is small, the resonance frequencies 
are given by 

(4.29) 

which is quadratic in (f I fr)2. End effects have been neglected. 

In Eq. (4.29), the mean radius of the cylinder is a., the longitudinal 
nodal number is n = 1,3,5, ... , fr is the ring resonance, given by [14J 

1 
fr = t' 

21l'a. (PSfl) 

and O'r2 is the Poisson's ratio at constant electric field, defined by 

E 
E 8 12 

0'12 == -"'E ' 
811 

where srI and Sr2 are elastic compliances at constant electric field. 

(4.30) 

(4.31) 

Solving Eq. (4.29) for n == 1, we obtain the following expression for the 
lowest circumferential resonance frequency; 

The expressions for the uncertainties in the circumferential resonance fre
quency equations above, are given in Appendix (B.3). 
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Figure 10: In-air electrical admittance of the BM024 hydrophone over the 
frequency range 35 to 45 kHz. 

The following quantities for the BM500 ceramic cylinders are used to 
evaluate the circumferential resonance and its error; 

£ ± o£ = 12.7 ± 0.3 mm 

a ± oii "" 11.1 ± 0.1 mm 

p ± op = 7650 ± 80 kg/ms 

8~1 ± b'8~1 = (15.5 ± 0.3) x 10-12 m2/N 

0"~2 ± b'0'~2 "" 0.31 ± 0.03 , 

(4.33) 

where the mean radius, ii, is the average of a and b in Eq. (4.3). The 
resulting resonance frequency is 

fe ± ofe = 41.1 ± 0.6 kHz, (4.34) 

which agrees with the measured value. 
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5 Conclusions 

The free-field voltage sensitivity of the low cost BM024 hydrophone has 
been measured. The useful flat band extends up to 5 kHz and the value 
of the sensitivity in this band agrees with theory. Also, three resonance 
frequencies have been measured and attributed to flexural, longitudinal, 
and circumferential modes of vibration. The flexural resonance is the lowest 
in frequency and terminates the useful band. 
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Appendix A 

The uncertainty in all of the calculated quantities in this paper are evalu
ated using the propagation of error techniques found in Taylor [16]. The 
basic assumptions underlying these techniques are that the measured errors 
are independent and random. The equations for the uncertainties in the 
sensitivity calculations are summarized below. 

A.I Errors in the Free-Field Sensitivity Calculations 

Given the errors 8g33, Sg31, Sa, and 8b, then the uncertainty in the free-field 
sensitivity is given by 

(A. 1) 

where e is the base of the natural logarithms, and the uncertainty in (VI Po) 
is 

A.2 Errors in the Corrected Sensitivity Calculations 

The errors required to calculate the corrected sensitivity are determined by 
the following expressions; 

SMk =: 20Iog(e) (~):1 8 (~) k ' (A.3) 

1 

8 (.!::.) = (.!::.) {[S(V I Po)] 2 + [SC] 2 + [S( C + CIe)] 2} 2 , 
Po k Po k (VIPo) C C +Ck 

(AA) 

{
(Se)2 (Sk3D2 (Sb)2 (Sa)2}t 

8C = C T + (kj3)2 + [bln(bla)j2 + [aln(bja)]2 , (A.5) 

23 

ZZ:Zj 900Z-,j-AON 



OS'd 

and 

(A.6) 

where the errors oG and o(G + Gk ) are calculated from the known errors 
Oa, ob, o£, okl3 , oB, and of. The error o (VI Po) is given by Eq. (A.2), 
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Appendix B 

The equations for the uncertainties in the flexural, longitudinal, and cir
cumferential resonance frequencies are summarized below. 

B.l Errors in the Flexural Resonance 

The errors for the equations used to calculate the upper and lower bounds 
on the flexural resonance frequency are given by 

(B.8) 

and 

6ff = f, [ (6g r + 4 (6:) \ G:) \ G:: rr ' (B.9) 

where the errors 6D, 6L, 6p, 6S~1' 6kra, and 6d31 are known. 

B.2 Errors in the Longitudinal Resonance 

The errors in the upper and lower frequency bounds for the longitudinal 
resonance frequency are given by 

(B.IO) 
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B.3 Errors in the, Circumferential Resonance 

The error in the circumferential resonance frequency is determined by mak
ing the following three definitions, 

e = ('/rajJ!)2 , 

fI == {I H - [(1 +e)2 - 4(e]t}t, 

and writing the errors as 

lile == 

where lilT is given by the expression 
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